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I. INTRODUCTION
As a family of modified gravitational theories, the Lorentz violating (LV) gravitational
theories [1], including Hoava-Lifshitz theory [2], ghost condensation [3], warped brane world
and Einstein-aether theory [4–6], have attracted increasing interests. Einstein-aether theory
is a diffeomorphism-invariant theory of gravity that violates the local Lorentz invariance, in
which a unit time-like dynamical vector field (the so-called aether field) uµ was introduced
to couple to the Einstein’s general relativity (GR) [4]. The existence of the aether field
defines a preferred frame, which leads to the local Lorentz invariance violation and yields
some interesting consequences: matter fields can travel faster than the speed of light [7],
the causality of the theory is quite different from that of GR, and new gravitational wave
polarizations can propagate at different speeds [8]. In the LV theories, the propagating speed
of the particles can be arbitrarily large, so the corresponding “light cones can be completely
flat and the causality of the theory is more like that of the Newtonian theory [9, 10]. As a
result, an important feature of the LV theories is that the event horizon of the black hole is
the universal horizon (UH) , instead of the Killing horizon (KH) in the Lorentz symmetric
theories of gravity. The UH is a hypersurface acting as a causal boundary and a one-way
membrane, which can trap the modes of arbitrarily high velocity. The UH also defines the
black hole region in space-time.
So far, several exact black hole solutions with UH have been found in LV gravitational
theories, including four-dimensional static asymptotically flat solutions of aether theory
and Hoava gravity [11–13], four-dimensional static asymptotically (anti-) de sitter (Ads)
solutions [14], three-dimensional fully rotating solution of infrared (IR) limit of Hoava gravity
[15] in the branch c14 = 0, the black brane solutions with asymptotically Lifshitz property
[16], charged static solutions in 3 and 4 dimensional [17, 18], and the generalization to D
dimensional static charged solutions [20, 21].
Recently, by using the tunneling method to study the corresponding Hawking radiation
at UH [22–25], it was shown that the black hole radiates at the UH like a blackbody and has
a thermodynamic interpretation. By using the Clausius relations, the first law of Einstein-
aether black hole was studied in [26]. The Smarr integral formula for Einstein-aether theory
was given in [17, 18, 27, 28]. However, it is still an open question to generalize the first law of
black hole thermodynamics to charged and/or rotating black hole solutions in the LV gravi-
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tational theories [17, 18, 26–28, 32, 33]. The main reason is that traditional thermodynamic
methods are invalid for deriving the first law for this class of black hole solutions. The Walds
formulation [29–31], as a well known traditional thermodynamic method, has been applied
to Einstein-aether theory[32, 33], and the expressions of the total energy, momentum, and
angular momentum have been obtained. But as was mentioned in [32, 33], because of the
divergence of the aether field on the KH bifurcation surface, this formalism fails for this the-
ory to derive the first law of black hole thermodynamics and to give the definitive expression
for black hole entropy. Another reason is that the expressions of horizon location r
KH
are
too complex, so it is hard to obtain the first law and the definitive entropy expressions from
an explicit black hole solution.
Based on the covariant phase space method (CPSM) [29–31] (i.e. the Walds method), K.
Hajian et al developed the solution phase space method (SPSM) [34–36] for calculating the
conserved charges (mass, angular momentum, electric charge as well as entropy) associated
with the “exact symmetry of black hole solutions. With the SPSM, the conserved charges
can be calculated by an integration over an almost arbitrary smooth codimension-2 surface
surrounding the singularity of the black hole (not necessarily restricted to the horizon bifur-
cation surface on which CPSM depends), independent of any specific horizon or asymptotics.
The entropy is also interpreted as a conserved charge associated with an exact symmetry,
which would be a linear combination of generators of stationarity, axial isometry, and global
gauge transformation. The linear combination coefficients are determined by the choice of
the horizon and are exactly the coefficients appearing in the first laws. Therefore, entropy
and the first law can be derived for any chosen horizon of explicit black hole solution, and
the singularity of aether field at KH will not affect the final results, as the integration is
not restricted to KH. The problem presented in [32, 33] can thus be resolved by using the
SPSM.
In this paper, we will use the SPSM to investigate the thermodynamics of black holes
in Einstein-aether-Maxwell Theory. We will give the first laws of black hole thermody-
namics and definitive entropy expressions at both KH and UH for several exact black hole
solutions, including 3-dimensional static charged quasi-BTZ black hole, two 4-dimensional
static charged black holes, and 3-dimensional rotating solution.
The rest of the paper is organized as follows. In Sec. II we briefly review the SPSM. In
Sec. III the Noether-Wald charge and surface charge are derived for Einstein-aether-Maxwell
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theory. In Sec. IV, we use the SPSM to give the first laws and definitive entropy expressions
for some exact black hole solutions in Einstein-aether theory. Section V is dedicated to main
conclusions and remarks.
II. SOLUTION PHASE SPACE METHOD
The SPSM [34–36] is based on the CPSM [29–31], so we will first give a brief review of
CPSM to obtain the conserved charges for generic gauge theories.
Covariant phase space: A phase space is a manifoldM equipped with a symplectic 2-
form Ω. Let us consider an n-dimensional generally covariant gravitational theory described
by Lagrangian n-form L. To construct Ω, we take the variation of L as
δL(Φ) = EΦδΦ + dΘ(δΦ,Φ), (1)
where Φ is used to denote collectively all the dynamical fields and EΦ = 0 gives the equations
of motion (EOM). Θ is an n − 1-form called the Lee-Wald symplectic potential. The Lee-
Wald symplectic form [29] is defined as
Ω (δ1Φ, δ2Φ,Φ) =
∫
Σ
ω (δ1Φ, δ2Φ,Φ) , (2)
where
ω (δ1Φ, δ2Φ,Φ) ≡ δ1Θ (δ2Φ,Φ)− δ2Θ (δ1Φ,Φ) (3)
is the symplectic current form, and Σ is a smooth codimension-1 Cauchy surface.
When Φ solves the EOM EΦ = 0 and δΦ solves the linearized EOM δEΦ = 0, i.e. on-shell,
the conserved condition
dω (δ1Φ, δ2Φ,Φ) ≈ 0 (4)
is satisfied, where ≈ denotes the on-shell equality.
When the U(1) gauge field A is present in L, in addition to the diffeomorphism generated
by a vector field ξ, the Lagrangian can also be gauge invariant under A → A + dλ for an
arbitrary scalar λ. So the general gauge transformation has the form δǫΦ = {LξΦ, δλΦ}
where the generator ǫ is a combination of diffeomorphism+gauge transformation, ǫ ≡ {ξ, λ}.
For field-dependent transformations, i.e. δǫ 6= 0, the charge variations δHǫ(Φ) associated
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with generators ǫ can be defined as
δHǫ(Φ) ≡ Ω (δΦ, δǫΦ,Φ) =
∫
Σ
ω (δΦ, δǫΦ,Φ)
≡
∫
Σ
(
δ[Φ]Θ (δǫΦ,Φ)− δǫΘ(δΦ,Φ)
)
=
∮
∂Σ
kǫ(δΦ,Φ), (5)
where
ω (δΦ, δǫΦ,Φ) ≈ dkǫ(δΦ,Φ) (6)
with
kǫ(δΦ,Φ) = δQǫ − ξ ·Θ(δΦ,Φ), (7)
in which Qǫ is the Noether-Wald charge density defined by
dQǫ ≡ Θ (δǫΦ,Φ)− ξ · L. (8)
In Eq.(5), δ[Φ] denotes that δ acts only on Φ and not on the ǫ inside Θ.
If δHǫ(Φ) is well-defined and integrable, we can find the conserved charge Hǫ. The
integrability condition is basically (δ1δ2 − δ2δ1)Hǫ(Φ) = 0, which is equivalent to [34, 37]∮
∂Σ
(ξ · ω (δ1Φ, δ2Φ,Φ) + kδ1ǫ (δ2Φ,Φ)− kδ2ǫ (δ1Φ,Φ)) ≈ 0. (9)
For guaranteeing the conservation of charge variation δHǫ and the independence of inte-
gration on Σ and ∂Σ, the symplectic current form ω must vanishes on-shell for a subclass
of δǫΦ’s, i.e.
ω (δΦ, δǫΦ,Φ) ≈ 0. (10)
In this case the transformations generated by δǫΦ are called “symplectic symmetries. The
family of ǫ’s with this property can be divided into two sets: (1).“non-exact symmetry
generators denoted by χ, for which δχΦ 6= 0 at least on one of the point of the phase space.
(2).“exact symmetry generators denoted by η, for which δηΦ = 0 all over the phase space.
Solution phase space method: The SPSM is specification of CPSM to some specific
manifolds and their tangent space. We consider the manifold Mˆ to be composed of solutions
Φˆ = Φˆ (x; pα), where pα are a set of solution parameters. The parametric variations δˆΦ are
defined as
δˆΦ ≡ ∂Φˆ
∂pα
δpα. (11)
5
The corresponding symplectic 2-form Ω can be denoted as Ωˆ. The solution phase space is
denoted by (Mˆ, Ωˆ), which is a submanifold of (M,Ω) when {Φ} limit to space {Φˆ}. Charge
variations associated with generators ǫ would be taken as
δˆHǫ =
∮
∂Σ
kǫ(δˆΦ, Φˆ). (12)
The integrability condition (9) for parametric variations is∮
∂Σ
(ξ · ω(δˆ1Φ, δˆ2Φ, Φˆ) + kδˆ1ǫ(δˆ2Φ, Φˆ)− kδˆ2ǫ(δˆ1Φ, Φˆ)) ≈ 0. (13)
When the integration of Eq.(12) is well-defined and integrable over parameters pα, the
conserved charges Hǫ (pα) can be calculated by
Hǫ[Φˆ(pα)] =
∫ p
p¯
δˆHǫ +Hǫ[Φ¯(p¯α)], (14)
where Hǫ[Φ¯(p¯α)] is the reference point (i.e. constant of integration) for the Hǫ defined on
some specific reference field configuration Φ¯(xµ; p¯α). In Sec.4 we will use Eq.(14) to calculate
conserved charges and derive the first laws of Einstein-aether black hole solutions associated
with exact symmetries δˆηΦ = 0.
III. EINSTEIN-AETHER-MAXWELL THEORY
Let us consider the Einstein-aether-Maxwell theory with cosmological constant Λ. The
dynamical fields Φ would be the metric gµν , aether field u
µ, and Abelian 1-form gauge field
A governed by the Lagrangian [18]
L =
1
16πGae
(
R− 2Λ + Lae − 1
4
NFµνF µν
)
, (15)
where R is the Ricci scalar, F = dA is the electromagnetic field strength, and N is a
constant. The aether Lagrangian Lae is given by
Lae = −Zµνρσ∇µuρ∇νuσ + λ
(
u2 + 1
)
, (16)
where λ is a Lagrange multiplier. The tensor Zµνρσ is defined as
Zµνρσ = c1g
µνgρσ + c2δ
µ
ρδ
ν
σ + c3δ
µ
σδ
ν
ρ − c4uµuνgρσ, (17)
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in which ci(i = 1, 2, 3, 4) are coupling constants satisfying the following constraints [8]
0 ≤ c13 < 1, (18)
0 ≤ c14 < 2,
2 + c123 + 2c2 > 0,
with cij ≡ ci + cj and cijk ≡ ci + cj + ck. The more stringent theoretical and observational
constraints on ci are studied extensively [38], through the ultra-high energy cosmic rays
[39], the solar system tests [40, 41], the binary pulsars [42, 43], and with the data of the
gravitational wave events GW170817 and GRB170817A [44, 45], and also using the data
of the first black hole image [19]. The constant Gae is related to Newton’s gravitational
constant GN by Gae = (1 − c14/2)GN . In what follows we will drop the subscript ae for
simpler notation.
The Lagrangian n-form is the Hodge dual of L,
L = ⋆L = L ǫ, (19)
where ǫ =
√−g dnx =
√−g
n!
εµ1···µndx
µ1 ∧ · · · ∧ dxµn is the n-dimensional volum form, g is
the determinant of the metric gµν , and εµ1···µn is the Levi-Civita symbol. Variations of the
Lagriangian n-form L with respect to gµν , u
µ, Aµ, and λ
δL(Φ) =
1
16πG
(Eµνg δgµν + µδu
µ + EνAδAν + Eλδλ)ǫ+ dΘ(δΦ,Φ) (20)
give the following EOMs
Eµνg =− (Rµν −
1
2
Rgµν + Λgµν)
+
1
2
Laeg
µν + c1(∇µuρ∇νuρ −∇ρuµ∇ρuν) + c4uρ∇ρuµuσ∇σuν
+ λuµuν +∇ρXρµν + 1
2
N [F µρF νρ − 1
4
gµνFαβF
αβ ] = 0, (21)
µ =2(λuµ + c4u
ρ∇ρuσ∇µuσ +∇ρY ρµ) = 0, (22)
EνA =∇µ(NF µν) = 0, (23)
Eλ =u
2 + 1 = 0, (24)
where
Y µν =Z
µρ
νσ∇ρuσ,
Xσµν =Y
σ
(µuν) − u(µYν)σ + uσY(µν). (25)
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From (22) and (24), we can get the Lagrange multiplier
λ = c4a
2 + uµ∇ρY ρµ, (26)
where aρ = uσ∇σuρ.
The surface n− 1-form Θ(δΦ,Φ) is given by
Θ(δΦ,Φ) = Θµ(δΦ,Φ)
√−g(dn−1x)µ, (27)
in which
Θµ(δΦ,Φ) =
1
16πG
[2∇[σhµ]σ −Xµαβhαβ − 2Y µνδuν −NF µνδAν ], (28)
where and in what follows hµν = δgµν , h
µν = gµαgνβδgαβ = −δgµν , h = gµνδgµν , and
(dn−px)µ1···µp =
1
p!(n−p)!εµ1···µpνp+1···νndx
νp+1 ∧ · · · ∧ dxνn.
For the generator ǫ = {ξ, λ}, the transformations are
δǫgµν = Lξgµν = 2∇(µξν), (29)
δǫAν = LξAν +∇νλ = ξσFσν +∇ν (Aσξσ + λ) ,
δǫu
µ = Lξuµ = ξν∇νuµ − uν∇νξµ,
where Lξ is the Lie derivative along the vector field ξ. Hence, from Eq.(8) we can get the
Noether-Wald charge density
Qǫ = Q
µν
ǫ
√−g(dn−2x)µν , (30)
where
Qµνǫ = −
1
16πG
[2∇[µξν] + 2ξσ(Y [µν]uσ + u[µY ν]σ − Y σ[µuν]) +NF µν(Aσξσ + λ)]. (31)
With the expressions above and using Eq.(7) we get the surface charge
kǫ(δΦ,Φ) =
√−gkµνǫ (dn−2x)µν , (32)
where
kµνǫ (δΦ,Φ) = k
µν
ǫ (δg, g) + k
µν
ǫ (δA,A) + k
µν
ǫ (δu, u) (33)
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with
kµνǫ (δg, g) =−
1
8πG
[
1
2
h∇[µξν] − hσ[µ∇σξν] + ξσ∇[µhν]σ − ξ[µ∇σhν]σ + ξ[µ∇ν]h
]
,
kµνǫ (δA,A) =−
1
16πG
[(1
2
hNF µν +N δF µν)(Aσξσ + λ)+NF µνδAσξσ − 2N ξ[νF µ]σδAσ
]
,
kµνǫ (δu, u) =−
1
8πG
[(1
2
hξσ + hσρξ
ρ
)(
Y [µν]uσ + u[µY ν]σ − Y σ[µuν])
+ ξσ
(
Y [µν]δuσ + δu[µY ν]σ − Y σ[µδuν] + δY [µν]uσ + u[µδY ν]σ − δY σ[µuν])
− ξ[νXµ]αβhαβ − 2ξ[νY µ]σδuσ
]
, (34)
in which
δY µν =δZµρ
ν
σ∇ρuσ + Zµρνσ
[
− hλρ∇λuσ +∇ρδuσ + uλ∇[ρhσ]λ + 1
2
uλ∇λhρσ
]
,
δZµνρσ =− c1hµνgρσ + c1gµνhρσ − c4uµuνhρσ − c4gρσ(δuµuν + uµδuν). (35)
IV. CONSERVED CHARGES AND FIRST LAWS FOR EINSTEIN-AETHER
BLACK HOLES
Having the result of the surface charge at hand, in this section we will calculate the
conserved charges and derive the first laws for some examples of exact Einstein-aether black
hole solutions both at KH and UH.
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A. 3-dimensional static charged quasi-BTZ black hole
When N = 4 in Lagrangian (15), the 3-dimensional static charged quasi-BTZ black hole
in branch c14 = 0, c123 6= 0 is given by [17]
ds2 =− f(r)dt2 + dr
2
f(r)
+ r2dϕ2,
f(r) =−m+ (Λ¯− Λ′2)r2 − q
2
2
log
r
leff
,
α(r) =
1√
−m+ Λ¯r2 − q2
2
log r
leff
+ rΛ′
,
β(r) =− rΛ′,
e(r) =−
√
−m+ Λ¯r2 − q
2
2
log
r
leff
,
Aˆ =− q
2
log
r
leff
dt,
uˆµ =(α(r)− β(r)
f(r)
, β(r), 0), (36)
where 1/leff =
√
Λ¯, Λ¯ = −Λ + (1 + c123 + c2) Λ′2, and Λ′ is a constant. Here and in the
following examples B and C we denote e(r) ≡ uˆµζµ as an intermediate quantity to obtain
α(r) when using the tetrad formalism to obtain the black hole solutions [17], in which
ζµ = (1, 0, 0) is a Killing vector. We will use it to obtain the radius of UH.
In GR, the surface gravity and the electric potential at KH are usually defined by [46]
κ
KH
=
√
−1
2
(∇µζν)(∇µζν)|r
KH
, (37)
Φ
KH
=ζµA
µ|r
KH
. (38)
But at the UH in Einstein-aether theory, when one considers the peeling behavior of particles
moving at any speed, the surface gravity and the electric potential are defined by [17, 18, 24]
κ
UH
=
1
2
∇u(u · ζ)|r
UH
, (39)
Φ
UH
=ζµA
µ|r
UH
, (40)
where u is the aether vector field and ζ is a Killing vector.
Since the integration in Eq.(12) is independent of the choice of integration surface ∂Σ
which surrounding the singularity of the black hole, we take ∂Σ to be the circle of constant
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(t, r) for simplicity and take the limit r → ∞. Then, conserved charge variations for an
exact symmetry η would be
δˆHη =
∮
∂Σ
kη(δˆΦ, Φˆ) =
∫ 2π
0
lim
r→∞
√
−gˆ ktrη (δˆΦ, Φˆ)dϕ, (41)
where ktrη is the tr component of k
µν
η . The dynamical fields are Φˆ = (gˆµν , uˆ
µ, Aˆµ),
parametrized by pα = {m, q}. Inserting the parametric variations
δˆgµν =
∂gˆµν
∂m
δm+
∂gˆµν
∂q
δq,
δˆuµ =
∂uˆµ
∂m
δm+
∂uˆµ
∂q
δq,
δˆAµ =
∂Aˆµ
∂m
δm+
∂Aˆµ
∂q
δq (42)
in Eq.(41), one can calculate the conserved charges.
Mass: Choosing the exact symmetry η
M
= {∂t, 0} and substituting the surface charge
expressions (32)-(35) and the parametric variations (42) into Eq.(41), we get
δˆM = δˆHη
M
=
δm
8G
⇒ M = m
8G
. (43)
Electric charge: Choosing the exact symmetry η
Q
= {0, 1} and by the similar procedure
as calculating the mass, we obtain the electric charge as
δˆQ = δˆHη
Q
=
δq
4G
⇒ Q = q
4G
. (44)
Entropy of KH: For the KH of quasi-BTZ black hole, to satisfy the integrability condition
(13) (for more details see Appendix B of Ref.[34]), surface gravity, temperature, and electric
potential are defined as
κ
KH
= r
KH
(Λ¯− Λ′2)− q
2
4r
KH
, T
KH
=
κ
KH
2π
, Φ
KH
= −q
2
log
r
KH
leff
, (45)
where r
KH
denotes the radius of KH (i.e. f(r
KH
) = 0). With the choice of the exact
symmetry generator η
KH
= 2π
κ
KH
{ζ
KH
,−Φ
KH
}, in which ζ
KH
= ∂t is a time-like Killing vector,
the corresponding entropy variation is given by
δˆS
KH
= δˆHη
KH
=
2π
κ
KH
(
1
8G
δm− ΦKH
4G
δq
)
. (46)
By the relations
∂r
KH
∂m
=
1
2r
KH
(Λ¯− Λ′2)− q2
2r
KH
,
∂r
KH
∂q
=
q log
r
KH
leff
2r
KH
(Λ¯− Λ′2)− q2
2r
KH
, (47)
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we get
δˆS
KH
=
2π
4G
(
∂r
KH
∂m
δm+
∂r
KH
∂q
δq
)
= δˆ
(
2πr
KH
4G
)
⇒ S
KH
=
2πr
KH
4G
=
A
KH
4G
, (48)
where A
KH
is the the area (here the perimeter) of KH.
The reference points for the charges above are chosen to vanish when m = q = 0.
First law at KH: With the decomposition
η
KH
=
1
T
KH
(
η
M
− Φ
KH
η
Q
)
(49)
and the linearity of δˆHη in η, the first law at KH follows as
δS
KH
=
1
T
KH
(δM − Φ
KH
δQ) . (50)
Entropy of UH: For the UH of quasi-BTZ black hole, the integrability condition (13)
requires the surface gravity, temperature, and electric potential be defined as
κ
UH
=
Λ′√
2
r
UH
leff
, T
UH
=
κ
UH
2π
, Φ
UH
=
m
2q
− Λ
′
2
√
2
q
2
√
Λ¯
, (51)
respectively, where r
UH
= q
2
√
Λ¯
denotes the radius of UH (i.e. e2(r
UH
) = 0, de
2(r)
dr
|r
UH
= 0).
With the symmetry generator chosen as η
UH
= 2π
κ
UH
{ζ
UH
,−Φ
UH
}, in which ζ
UH
= ∂t, the
corresponding entropy variation is given by
δˆS
UH
= δˆHη
UH
=
2π
κ
UH
(
1
8G
δm− ΦUH
4G
δq
)
=
2π
4G
δ
(
r
UH
+
√
2
Λ′
m
q
)
. (52)
Therefore,
S
UH
=
2π(r
UH
+
√
2m
Λ′q
)
4G
=
A
UH
4G
+
√
2m
4GΛ′q
, (53)
where A
UH
is the the area of UH. The reference point for the entropy S
UH
is chosen to vanish
when m = q = 0.
First law at UH: At UH, with the similar considerations of the decomposition η
UH
and
the linearity of δˆHη as those at KH, one can easily verify the first law as
δS
UH
=
1
T
UH
(δM − Φ
UH
δQ) . (54)
In Eq.(45), the definitions of the surface gravity κ
KH
and the electric potential Φ
KH
satisfy
the integrability condition and are equivalent to the GR definitions (37) and (38). The
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entropy is exactly one quarter of the area of KH, and the first law is satisfied exactly. At
UH, to satisfy the integrability condition we have redefined the surface gravity and electric
potential. The surface gravity is agree with the definition (39), but the electric potential is
not proportional to (40). We obtained the first law at UH, but the entropy has a corrected
term in addition to the term proportional to the horizon area.
B. 4-dimensional static charged Einstein-aether black hole for c14 = 0, c123 6= 0
With N = 4 in (15), the 4-dimensional static charged Einstein-aether black hole solution
in branch c14 = 0, c123 6= 0 is given by [18, 19]
ds2 =− f(r)dt2 + dr
2
f(r)
+ r2(dθ2 + sin2 θdϕ2),
f(r) =1− 2m
r
+
q2
r2
− cm
4
r4
,
α(r) =
[√
1− 2m
r
+
q2
r2
− c′m
4
r4
+ c¯
(
2m
r
)2]−1
,
β(r) =− c¯
(
2m
r
)2
,
e(r) =−
√
1− 2m
r
+
q2
r2
− c′m
4
r4
,
Aˆ =− q
r
dt,
uˆµ =(α(r)− β(r)
f(r)
, β(r), 0, 0), (55)
where c = 27c13
16(1−c13) , c¯ =
3
√
3
16
√
1−c13 , c
′ = −27
16
.
With the integration surface ∂Σ in Eq.(12) taken to be the sphere of constant (t, r),
conserved charge variations for an exact symmetry η would be
δˆHη =
∮
∂Σ
kη(δˆΦ, Φˆ) =
∫ 2π
0
∫ π
0
lim
r→∞
√
−gˆ ktrη (δˆΦ, Φˆ)dθ dϕ. (56)
The dynamical fields are still Φˆ = (gˆµν , uˆ
µ, Aˆµ) parametrized by pα = {m, q}. Thus, the
similar expressions of the parametric variations as Eq.(42) can be inserted to give the con-
served charges as follows.
Mass: The exact symmetry is still chosen as η
M
= {∂t, 0} and the mass is resulted as
δˆM = δˆHη
M
=
δm
G
⇒ M = m
G
. (57)
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Electric charge: Choosing the exact symmetry η
Q
= {0,−1}, in which the minus sign is
to guarantee the positive electric charge,
δˆQ = δˆHη
Q
=
δq
G
⇒ Q = q
G
. (58)
Entropy of KH: The following definitions of the surface gravity, temperature, and electric
potential for the KH of 4-dimensional static charged Einstein-aether black hole satisfy the
integrability condition (13),
κ
KH
=
2r3
KH
− 3mr2
KH
+ r
KH
q2
r
KH
(r3
KH
+ 2cm3)
, T
KH
=
κ
KH
2π
, Φ
KH
=
r2
KH
q
r3
KH
+ 2cm3
. (59)
With the exact symmetry generator η
KH
= 2π
κ
KH
{ζ
KH
,Φ
KH
}, in which ζ
KH
= ∂t, the corre-
sponding entropy variation is expressed as
δˆS
KH
= δˆHη
KH
=
2π
κ
KH
(
1
G
δm− ΦKH
G
δq
)
. (60)
With the relations
∂r
KH
∂m
=
r3
KH
+ 2cm3
2r3
KH
− 3mr2
KH
+ r
KH
q2
,
∂r
KH
∂q
=
−r2
KH
q
2r3
KH
− 3mr2
KH
+ r
KH
q2
, (61)
we have
δˆS
KH
=
π
G
(
∂r2
KH
∂m
δm+
∂r2
KH
∂q
δq
)
= δˆ
(
4πr2
KH
4G
)
⇒ S
KH
=
4πr2
KH
4G
=
A
KH
4G
. (62)
Still, we choose the reference points for the charges above to vanish when m = q = 0.
First law at KH: Similar to the analysis of that in the previous example, the first law at
KH of 4-dimensional static charged Einstein-aether black hole is easy to check, which has
the same expression as Eq.(50).
Entropy of UH: The surface gravity, temperature, and electric potential for the UH of
4-dimensional static charged Einstein-aether black hole can be defined as
κ
UH
=
2r3
UH
− 3mr2
UH
+ r
UH
q2
r
UH
(r3
UH
+ 2c′m3)
, T
UH
=
κ
UH
2π
, Φ
UH
=
r2
UH
q
r3
UH
+ 2c′m3
. (63)
Similar to the analysis of the entropy of KH for the same black hole, we can get the entropy
of UH as
S
UH
=
4πr2
UH
4G
=
A
UH
4G
. (64)
First law at UH: The first law at UH of 4-dimensional static charged Einstein-aether black
hole is satisfied, which is easy to check.
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From the investigation above we can see that the entropies are exactly one quarter of the
horizon areas, and the first laws of black hole thermodynamics are obtained both at KH and
UH. In order to satisfy the integrability condition we have redefined the horizon quantities
(59) and (63), which are not proportional to the definitions (37) and (38). When c13 = 0
this solution reduces to the Reissner-Nordstrom black hole, and our definitions (59) reduce
to definitions (37) and (38) at KH. This indicates that the contribution of aether vector field
leads to the modification of the definitions of surface gravity and electric potential.
C. 4-dimensional static charged Einstein-aether black hole for c14 6= 0, c123 = 0
Still with N = 4 in (15), the 4-dimensional static charged Einstein-aether black hole
solution in branch c14 6= 0, c123 = 0 is given by [18]
ds2 =− f(r)dt2 + dr
2
f(r)
+ r2(dθ2 + sin2 θdϕ2),
f(r) =1− 2m
r
+B1
q2
r2
+B2
m2
r2
,
α(r) =
[
1−
(
1
2
− B3
)
2m
r
]−1
,
β(r) =−B3 2m
r
,
e(r) =− 1 + m
r
,
Aˆ =− q
r
dt,
uˆµ =(α(r)− β(r)
f(r)
, β(r), 0, 0), (65)
where B1 =
1
1−c13 , B2 = −2c13−c142(1−c13) , B3 = 12√1−c13 (1−
c14
2
− q2
m2
)1/2.
With the similar treatment as in the second example, we can get the following conserved
charges.
Mass: Choosing the exact symmetry η
M
= {∂t, 0},
δˆM = δˆHη
M
=
2− c14
2G
δm ⇒ M = 2− c14
2G
m. (66)
Electric charge: Choosing the exact symmetry η
Q
= {0,−1},
δˆQ = δˆHη
Q
=
δq
G
⇒ Q = q
G
. (67)
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Entropy of KH: The surface gravity, temperature and electric potential are defined as
κ
KH
= (1− c14
2
) · rKH −m
r
KH
(r
KH
−B2m) , TKH =
κ
KH
2π
, Φ
KH
= (1− c14
2
) · B1q
r
KH
−B2m, (68)
respectively. The corresponding entropy variation is given by
δˆS
KH
= δˆHη
KH
=
2π
κ
KH
(
2− c14
2G
δm− ΦKH
G
δq
)
. (69)
By the relations
∂r
KH
∂m
=
r
KH
−B2m
r
KH
−m ,
∂r
KH
∂q
=
−B1q
r
KH
−m, (70)
we can get the entropy of KH for 4-dimensional static charged Einstein-aether black hole
with c14 6= 0 and c123 = 0, i.e. SKH =
4πr2
KH
4G
=
A
KH
4G
.
First law at KH: The satisfaction of the first law at KH of this black hole solution is still
easy to check.
Entropy of UH: The surface gravity, temperature and electric potential of UH are defined
as
κ
UH
= (1− c14
2
) · 1
r
UH
, T
UH
=
κ
UH
2π
, Φ
UH
= 0. (71)
With the similar analysis as for the entropy of KH for the same black hole solution, we get
the entropy of UH as S
UH
=
4πr2
UH
4G
=
A
UH
4G
.
First law at UH: Since Φ
UH
= 0, the first law at UH can be checked as
δS
UH
=
1
T
UH
δM. (72)
In this example, we have re-derived the total mass and electric charge using the SPSM,
which agree with the results of the original paper [18]. However, our calculation has an
advantage in that it does not need to consider the renormalization. The entropies are
exactly one quarter of the horizon area both at KH and UH. At the UH the δQ term is
absent in the first law, which agrees with the result in [18] by using the Smarr method [47].
And the surface gravity κ
UH
agrees with the result in [18] up to a factor 1/4. The reason is
that the r
UH
= m is not relevant to the electric charge, thus the electric potential can be set
to zero.
D. (2+1)-dimensional rotating asymptotically AdS black hole
(2+1)-dimensional neutral exact fully rotating black hole solutions of IR Hoava theory
were found in [15] in branch c14 = 0. They are also solutions of aether theory, i.e. satisfying
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the EOM (21)-(24) when N = 0. For the sake of concreteness, in this subsection we will
consider (2+1)-dimensional rotating asymptotically AdS black hole [15, 27]
ds2 =− f(r)dt2 + dr
2
f(r)
+ r2(dϕ+ Ω(r)dt)2,
f(r) =−m+D1a
2
r2
+D2
m2
r2
− Λr2,
Ω(r) =− a
2r2
,
α(r) =
1
2r
√
− m
2
(1− c13)Λ − a
2,
e(r) =− m+ 2r
2Λ
2
√−Λr ,
uˆµ =
(
− e(r)
f(r)
,−α(r), e(r)Ω(r)
f(r)
)
, (73)
where D1 = 1/4, D2 =
c13
4(1−c13)Λ , Λ = −1/l2, l is AdS radius.
For this kind of black holes, the conserved charge variations for an exact symmetry η
have the same expression as Eq.(41). The dynamical fields are Φˆ = (gˆµν , uˆ
µ), parametrized
by pα = {m, a}, and the parametric variations are given by
δˆgµν =
∂gˆµν
∂m
δm+
∂gˆµν
∂a
δa,
δˆuµ =
∂uˆµ
∂m
δm+
∂uˆµ
∂a
δa. (74)
Then, the conserved charges can be calculated as follows.
Mass: Choosing the exact symmetry η
M
= {∂t, 0},
δˆM = δˆHη
M
=
δm
8G
⇒ M = m
8G
. (75)
Angular momentum: Choosing the exact symmetry η
J
= {−∂ϕ, 0},
δˆJ = δˆHη
J
= (1− c13) δa
8G
⇒ J = (1− c13) a
8G
. (76)
Entropy of KH: For the KH of 3-dimensional rotating Einstein-aether black hole, to satisfy
the integrability condition (13), the surface gravity, temperature, and angular velocity are
defined as
κ
KH
= −rKHm+ 2Λr
3
KH
r2
KH
−D2m , TKH =
κ
KH
2π
, Ω
KH
=
1
1− c13 ·
2D1a
r2
KH
−D2m. (77)
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With the exact symmetry generator chosen as η
KH
= 2π
κ
KH
ζ
KH
, in which ζ
KH
= ∂t + ΩKH∂ϕ,
the corresponding entropy variation is given by
δˆS
KH
= δˆHη
KH
=
2π
κ
KH
(
1
8G
δm− Ω
KH
1− c13
8G
δa
)
. (78)
With the relations
∂r
KH
∂m
= − r
2
KH
− 2D2m
2(r
KH
m+ 2Λr3
KH
)
,
∂r
KH
∂a
=
D1a
r
KH
m+ 2Λr3
KH
, (79)
we get
δˆS
KH
=
2π
4G
(
∂r
KH
∂m
δm+
∂r
KH
∂a
δa
)
= δˆ
(
2πr
KH
4G
)
⇒ S
KH
=
2πr
KH
4G
=
A
KH
4G
. (80)
The reference points for the charges above are chosen to vanish when m = a = 0.
First law at KH: With the decomposition
η
KH
=
1
T
KH
(η
M
− Ω
KH
η
J
) (81)
and the linearity of δˆHη in η, the first law at KH follows as
δS
KH
=
1
T
KH
(δM − Ω
KH
δJ) . (82)
Entropy of UH: The surface gravity, temperature and electric potential for the UH of
3-dimensional rotating Einstein-aether black hole can be defined as
κ
UH
= −2Λr
UH
, T
UH
=
κ
UH
2π
, Ω
UH
=
8Λr
UH
a
1− c13 , (83)
where r
UH
=
√−m/2Λ denotes the radius of UH (i.e. e(r
UH
) = 0). Choosing the exact
symmetry generator η
UH
= 2π
κ
UH
ζ
UH
, in which ζ
UH
= ∂t + ΩUH∂ϕ, the corresponding entropy
variation is given by
δˆS
UH
= δˆHη
UH
=
2π
κ
UH
(
1
8G
δm− Ω
UH
1− c13
8G
δa
)
=
2π
4G
δ(r
UH
+ a2). (84)
Therefore,
S
UH
=
2π(r
UH
+ a2)
4G
=
A
UH
4G
+
πa2
2G
. (85)
First law at UH: It is easy to check that the first law at UH δS
UH
= 1
T
UH
(δM − Ω
UH
δJ)
is satisfied with the decomposition η
UH
= 1
T
UH
(η
M
− Ω
UH
η
J
) and the linearity of δˆHη in η.
In our formulation the total mass and angular momentum agree with the results in [27].
At KH for satisfing the integrability condition we have redefined the surface gravity and the
angular velocity, and the entropy is exactly one quarter of the horizon area. But at UH the
entropy S
UH
has a corrected term in addition to the one proportional to horizon area.
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V. CONCLUSIONS AND REMARKS
In this paper, we use the SPSM to investigate the thermodynamics of black holes in
Einstein-aether-Maxwell Theory. We derive the first laws of thermodynamics and definitive
entropy expressions at both KH and UH for some examples of exact black hole solutions, in-
cluding 3-dimensional static charged quasi-BTZ black hole, two 4-dimensional static charged
black holes and 3-dimensional rotating solution. We find that at KHs the entropies are ex-
actly one quarter of the horizon area, but at UHs of 3-dimensional black holes the entropies
are not proportional to the horizon area. From the expression for the surface charge we
derived, we re-computed the total mass, electric charge and angular momentum for these
black hole solutions, confirming the results obtained in the previous literature.
In the SPSM, the surface of integration can be an arbitrary codimension-2 surface sur-
rounding the singularity and need not be the horizon itself. Thus, by this freedom of the
choice of integral surface, the divergence of aether field at KH does not affect the final
results and the SPSM is still valid at KH. In our calculation, the conserved charges are
automatically regular and need not be renormalized. The formulations present in this paper
can be easily generalized to any dimensional black hole solutions in any generally covariant
gravitational theories.
In general, if a horizon has an entropy, the integrability condition should be satisfied
so that we can get a definitive entropy expression. By the linearity of the generator in
Hamiltonian variation, the first law of corresponding horizon can be derived. We must note
that, in our framework if we use Eqs.(37)-(40) or the tunneling temperature defined in [22–
25] as the definitions of the horizon quantities (temperature, electric potential and angular
velocity), the integrability condition (13) can not be satisfied except for the example in
subsection IV.A. Correspondingly, we cant get the definitive entropy expressions and there
are no first laws both at KH and UH. In general, our definitions of the horizon quantities
are based on: (1) integrability condition; (2) the entropy is proportional to the horizon
area as much as possible. Usually, to satisfy the above two conditions we can define the
surface gravity by 1
κH
= α
n−2
∂rn−2
H
∂m
, in which α is a constant irrelevant to the spacetime
coordinates and the solution parameters. In the Lorentz symmetric gravitational theories
[34–36], it (almost) agrees with the GR definitions (37) and (38). To satisfy the integrability
condition, in Einstein-aether theory we have redefined the horizon quantities, which are not
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proportional to the general definitions in GR and the ones defined by the tunneling method
[22–25]. Therefore, the remaining questions are which temperature is a useful definition and
what the asymptotic observers see? These questions are yet to be investigated.
On the other hand, from our new definitions of surface gravity (thereby the temperature)
and electric potential, we can see the aether field has a contribution to them. Thus, we can
infer that a meaningful black hole solution in the Einstein-aether-Maxwell theory may entail
the coupling between Maxwell field and aether field. Our formulation suggests an alternative
way to show the first laws of black hole thermodynamics in LV gravitational theories.
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